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0.1 Exact category and Grothendieck group
Definition 0.1.1

AD additive category [0 Oexact sequence 0 0000 A0 sequencdd X — Y —
ZOO class0OO FOOO00OO0OOODOOOOOOO0OADO exact category with
EODODOO

1. O exact sequence 0 O O O sequence O exact U0 O 0O OO O O sequence U O
0000000000 functor category 0 Ale—bt—c} 0ooOooOO0O0O00
000000000000 000O00D00000 isomorphismOO0000O0O
oooooobooodg

2. 0000 X,YEOb(A)D[I[IEI
1,0 pro
X >XpY —>Y
Oexact DO OO

3.0X v -1 z0 exact 0000 50 kernelDO OO 0 ¢ 0 cokernel
oooo

4. 0 f € Hom4(X,Y) O admissible epimorphisni] monomorphismO0 0072 —
x Lyvox Ly — woOOoO exact sequence 000000000000
000000 Daddmissible epimorphismd monomorphismO0 O O O (co)based
change 00 OO O0O0O

5.0 f € Hom4(X,Y) O (co)kernel 00 00g: Z — XO X — WOO fodlgo
f00 admissible epi(mono)morphism 0 O O O f O adomissible epi(mono)morphism
agood

Example 0.1.2

A O abelian category 0 0 0O O O short exact sequence 0 O O exact category O
ooo

Example 0.1.3

D O triangulated category O O O O O distingulish triangle 000 X — Y —
Z — XX 0000X —Y — Z 0 exact sequence [0 0 0 exact category 0 0 00O



Definition 0.1.4

A O exact category 000000000 .AO grothendieck group O O ob(A) OO
0000000000000 A Oo0D0000000oD0ooooooooog FlA)
ododoooooboood

EA ={[X]-[Y]+[Z2] € FIA] | X — Y — Z isexact in A }
O0O0DEA 0000000 FlA00OOO0O FelA 00000
K(A) = FIA]/Fg[A]
googoooooo
Lemma 0.1.5
AD exact catgeory 00000000 X,Y e ADDOO[X Y] =[X]+[Y]O

-X] = ~[X] in K(A)

proof) 00 X — X®Y —YOX — X — 00 exact sequence 0000
ooooooo
O

Lemma 0.1.6

(D, [1]) O triangulated category 0 0 0O 00O O [X[1]] = —[X] in K(D)

proof) 00 X — X — 0 — XX 000 distingulish triangle 00000000
ooo
X —0—3YX — 33X

O distingulish triangle 00000000 X — 0 — XX O exact sequence 1 000
[(X[1]] = =[X] in K(D)
O

Definition 0.1.7
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F: A— BO exact category 0 0 functor 000000000 exact functor 0 00O
000X v % Z0 AD exact sequence 0 0000 0F(X) "9 F(v) 29 F(2)
O Bexact sequence DD OO O OOOO

exact functor 000 A — B O grothendieck group 00000 K(A) — K(B)
gooooooo

K : {exact category O exact functor O 0 0 O category} — Ab
000 functor DO OO
Theorem 0.1.8

A0 ablian category 0 0 0000 O exact category 0 0 0 ODY(A) O triangulated
category 0 0 0 exact category 0 0 0 0O OO O O O natural isomorphism

K(A) = K(D"(A))

goooog

proof) 00 i; : A — D°(A) O inclusion as j-complex 00 000000X € A
000046pX)=X*=—0—X'=X —0—---0000000 XO
complex 00000000000 exact functor0 0000

K(io) : K(A) — K(D"(4))

00000000 natwral OO0 O0O0O0O0OOOO0OOOOOOOOOOOOOOOOO
OO0 inverce0 00000
[ K(D"(A)) — K(A)

0o0X=-—0—X"—— X! — ... X" —0..-¢D"(A)DD000[X]
O000000000000000000D0000000000000000000
0ooooooon

FIX] = 270 (1) [X7]

0000 well definded 000000000000000O foK(ip)=1gwyO0O000
oboooooboooooobooon

K(io) o f : K(D"(A)) — K(D"(A))



00000X = —0-— x4 x1t 4, 2 xn L g...eDb(A) DD

O0[X]e K(D*(A4)0D0O000D0D0D0000000000H*(X)e K(D*(A)OO0
O boundary 0 O O complex

~~*>O*>HO(X)—»HI(X)Hn'HH"(X) — 00—
D00000000[X]=[H*X)]in K(D'(A)0D000000O
0 — Kerd’ = H*(X) — X% — X%/Kerd® = Imd® — 0
0 — Imd® — Kerd' — H'(X) — 0
0 — Kerd! — X' — X' /Kerd" = Imd' — 0
0 — Imd" — Kerd®> — H*(X) — 0
0 — Kerd? — X? — X?/Kerd® = Imd*> — 0
000 A0 exact sequence 100000000 KA DOODDOO
[X°] = [H°(X)] + [Imd’]
0 = —[Imd°] — [H*(X)] + [Kerd']
~[X"] = ~[Kerd'] - [Imd']
0 = [Imd'] + [H*(X)] — [Kerd?]
[Xs] = [Kerd?] + [Imd?]
000000000000 »000000000000000000
Si_o(—1)[X7] = S [H (X)]
oooooooo
K(io) o f[X] = K(io) (Z7—o(—1)7[X7])
=...0 — 2;}20(_1)3’[)(3'] —_— 0 — .-
=...0 — zﬂ_ (—l)j[Hj(X)] ) — -
= ®j_o(-1) ()WNXH
)=

= @_o(—1)7 [io(H"(
—ﬁ%MMm(ﬂ[(ﬂ=m



